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ON RECURSIONS FOR COEFFICIENTS OF MOCK THETA FUNCTIONS 


SONG HENG CHAN, RENRONG MAO, AND ROBERT OSBURN 


Abstract. We use a generalized Lambert series identity due to the first author to present q- 
series proofs of recent results of Imamoglu, Raum and Richter concerning recursive formulas for 
the coefficients of two 3rd order mock theta functions. Additionally, we discuss an application 
of this identity to other mock theta functions. 


1. Introduction 

In [8], the first author proved the following generalized Lambert series identity: 

[Of, ■ ■ ■ , ar-]oo(g)L _ [ai/6l, • • • , ar/bl]oo ^ (-l)(^-^)feg(«-^)fe(fe+l)/2 / q^ ... \ ^ 

[6i,... ,6s]oo [b2/hi,...,bs/hi]oo l-biq^ V &2 • • • 6* ) 

+ idem{bi]b2,...,bs), ( 1 . 1 ) 

valid for nonnegative integers r < s. Here and throughout, we use the following standard 
g-hypergeometric notation 


n 

(o)„ := (a; q)n := H “ aq^~^) 
k=0 

(til, . . . , 0'fn)n ■— (R1) • • • ) Rm? Q)n ■— (^l)n ' ' ' {o,m)n 

[fll, . . . , Um]n •— [R1) • • ■ ) Rmj Oln — (^1) Q /Rlj • • • j 0,m: Q/Oim)n 

valid for n G N U { 00 } and F(ai, 02 ,..., am) + idem(ai; 02 ,, an) to denote the sum 

n 

^ ^ 02 ) • • •) Ri—1! a\ , Uj-i-i, • • •, Rm) 

i=l 

where the ith term of the sum is obtained from the first by interchanging ai and a*. 

Identity (II.ip is of interest for several reasons. For example, it generalizes a key identity 

used by Atkin and Swinnerton-Dyer [T] in their proof of Dyson’s conjectures on the rank of a 
partition. Also, (II.ip played a crucial role in the construction of quasimock theta functions [7] 
and rank-crank PDF’s m, in proving congruences for the mock theta function (p{q) [9], Appell- 
Lerch sums m, spt-type functions m and partition pairs [18] and in obtaining identities for 
generating functions of other types of partition pairs [T2| and various rank differences m-m- 
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Recently, Imamoglu, Raum and Richter m proved some intriguing results concerning recur¬ 
sive formulas for the coefficients of the 3 rd order mock theta functions 


fiQ) ■■= 


OO ^ 


OO 


^0 ^0 




and 


■= ^ 2\2 = Y 

t'oiQ-,QAn+i ^0 

Namely, if cr{n) := Ylo<d\n^^ sgn+(n) := sgn(n) for n 7^ 0 and sgn"'‘( 0 ) := 1 and 

d{N,N,t,i) ■= sgn+(iV) sgn+(iV)(|A^-h t| - |iV-ht|), 

then we have the following (see Theorems 1 and 9 in m, slightly rewritten). 

Theorem 1.1. For a fixed n G Z"*" and for any a,b G Z, set N := g(—3a -1-6 — 1) and 
N := ^{3a + b — 1). Then 


mGZ \ / \ / \ 

3m?+m<2n ab=2n 

6|3a+6-l 

( 1 . 2 ) 

For a fixed n G Z+ and for any a,b ^ set N := ^(3a — 6 — 2 ) and N := ^{3a -1-6 — 4 ). Then 

E (™ + ))c(/!?-|™^-™l =-2 I ■ (1-3) 


mez \ / \ / a,b&Z ^ 

2>’m?+2m<n af)=4n+l 

12|3a-6-2 


Theorem 1.2. For a fixed n G Z"*“ and for any a,b ^ Z, set N := ^( 3 a — 6 — 4 ) and N := 
^{3a + b — 2). Then 


Y (rn + ^'] c{u;;n-3m‘^-m) = {-lA^ Y 


( 1 . 4 ) 


m^’L 
‘^m?+ 2 m<n 


a6=4nH-3 

12|3a-6-4 


For a fixed n G Z+ and for any o, 6 G Z, set N := |(a — 36 — 2 ) and N := ^{a + 3b — 2), and let 

I (t) - (f)) > if n is even; 

|(T(n), if n is odd. 


Rn := 
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Then 


E 


2>m?+2m+l<n 


(u{q)+u:{-q) ^ 2 o 

m + - 1 c I -^-; n — 6m — 2m — 1 


= Rn — 


E d(N,N, 


ab=n 

12|a-36-8 


1 1 
3 ’ 3 ' ’ 


(1.5) 


and 


(™ + iE(S<E:-iE:«li„-3m2-2m-l 

mGZ ^ ^ 

3m^+2m+l<n 


-Rn+ Y. d(N,N,^,^ 


a,b£lj 

ab=n 

12|a-36-2 


( 1 . 6 ) 


The identities (jl.2l) - (jl.6l) were proven in [16] by applying holomorphic projection to the tensor 
product of a vector-valued harmonic weak Maass form of weight 1 /2 and vector-valued modular 
form of weight 3/2 (see also [T3], [23|). In Remark 1 , ii) of [T6] . it was stated that these identities 
“can sometimes also be furnished by Appell sums because these are typically expressible in terms 
of divisors. However, it is not clear whether Theorem 1 and 9 could be obtained using this idea”. 

Motivated by this remark, the main purpose of this paper is explain how (11.11) can be used 
to give a g-series proof of these identities. The idea is to compare the coefficients of g"' in 
identities which express a modular form times either f(q) or io{q) (Appell-Lerch sums) in terms 
of Lambert series (divisor sums). Specifically, (| 1 . 2 |) and (jl.3p will basically follow from (j 2 . 8 p and 
(|3.1ip . (|1.4p from (j3.17|l . (jl.5p and (|1.6|) from (|3.24|1 and (|2.9|) . respectively. 

The paper is organized as follows. In Section 2, we discuss some preliminary ^-series identities. 
In Section 3, we prove Theorems 11.11 and 11.21 In Section 4, we discuss another application of 
m to other mock theta functions. 


2. Preliminaries 

To prove ()1.2I) . ()1.5p and ()1.6p . we need the following two results. 

Lemma 2.1. We have 


iQ)l ^ (-i)V 


= 4x- 


xq" 


-x]oo[x‘^;q‘^]oo 


+ 2 E 


(1 -|- xq^y 


^ ( 6 n - l)g«( 3 n+l )/2 

+ E ^—r 


-|- xq^ 

(„2 2\2 °° ( i\n 3n(n+l) ( 2 2\A ( „. „2'i2 

^ i g Joo g ^ Q [Q ,Q )oo[-Q,Q loo 

T,. «2'\2 1 — xq'^^ X [x,—xq,—xq\q‘^]oo ^ 




{-q;q^)l 


(1 -|- xq 


2n-l\2 


+ E 


3n^ 


(3n — l)g 
1 -|- xq^'^~^ 


( 2 . 1 ) 


( 2 . 2 ) 
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Proof. Beginning with the case r = 0, s = 3 in (jl.ip . setting {bi, 62 , 63 ) = (x, —xqja, —ax) and 
multiplying by a[—a, l/a^]oo, we find 

{q)U-a,l/a^U _ ^ (-l)^gM3n+l)/2 ^ ^ ^n(3n+l)/2^-3n-l 

“' • , - . ^ , 2^ 1 _ +2^ 


[x, -xqja, -ax]oc [-l/a]oo 


1 — xg"' ’ ^ 1 + xq'^/a 

n=—oo n=—oo ' 




+ axq^ 


(2.3) 


Differentiating (12.31) with respect to a and letting a —>■ 1, we find that 


I (g)l.(-g)L (g)L (-l)»g’"(3»+l)/2 “ g’^(3n+l)/2[^ 

/ ^ 1 _ ^ 


[x, -xg, -x]oo (-g)L 1 


n =—00 


(1 + xg”)2 


- E 


g"'(3"-+i)/2[l + (3n — 1)(1 + xg”)] 

(1 + xg"')^ 


(2.4) 


Rearranging and simplifying, we find that (|2.4I) is equivalent to (12.11) . 

Again, for the case r = 0, s = 3 in dni), setting ( 61 , 62 , ^ 3 ) = (x, —x/a, —ax), and multiplying 
by [—a, l/a^]oo, we find 

(g)go[-a,l/a^]oo _ [l/a^]oo ^ (-l)^g3n(n+l)/2 - g3n(n+l)/2^-3n-2 


[x,-x/a,-ax]oo [-l/a]oo ^ i - xg' 

^ „3n(n+l)/2Q3 

+ E — 


1 + xq^ ja 


+ axcf 


(2.5) 


Replacing g by g^ and setting a = l/ 6 g in ()2.5p . we find that 

{q^-,q^)lX-\l{hq),h\\q^U _ [bV-,q^]oo ^ (-l)^g 3 n(n+l) “ 


[x,-x 6 g,-x/( 6 g);g 2 ] 


00 — j. - xg 

n=—oo n =—00 


[-6g;g2]^ ^ 1 - xo^" 

g3n--l^ 


- E f 


_l_ xq'^^-^fb' 

Differentiating (j2.6|) with respect to b and letting 6 —>■ 1, we arrive at 


( 2 . 6 ) 






(_l)ng3n(n+l) ^ gS*""-!)! + (3n - 2)(1 + Xg^""!)] 


rv2n 


E 

n=—OQ 


[x,-xg,-x/g;g2]oo [-q-,q^\oo i - xg^ 

^ g3"-^-i[l + 3n(l + xg^”"!)] 

^ (l + xg^”“^)^ 

Rearranging and simplifying, we find that (|2.7|) is equivalent to (12.21) . 


(1 + xg^”' ^)^ 


(2.7) 


□ 
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Corollary 2.2. We have 

{q)Io 


{-q? 


OO ^_1 


(1 - q^f 


„2n °o n(3n+l)/2 


n=l 


n=—oo 

n/0 


(1 - 


+ 2 E 


n=—oo 

n/0 


(6n - l)g«(3n+l)/2 
1 -g” 


( 2 . 8 ) 


(g2;g2 


..2, ^2'|3 
/oo 


'(-9; 9^)^ 


OO 

- 

^272—1 

Z^ (l+g2n-l)2 
n=l 

OO 

+ E 

(3n — 1)(?^"'' 

1 - g2n 

n^O 



^2n 


+ E 


°° g 3 n 2 


(l-g2n)2 (1 - g2n)2 

n=l ' n=—oo ^ ' 

riT^O 


(2.9) 


Proof. For (|2.8p . multiply both sides of (|2.1I) by {l + x){l + l/x), differentiate twice with respect 
to x, set x = — 1 and use 


2 (_l)ngri(3n+l)/2 

Here, we have set x = 1 in the identity (see (12.2.5) in [3]) 

,2n^+2n °° ( _ -\\n^3n?+3n 


( 2 . 10 ) 


E 

72=0 


q 


{xq;q'^)n+i{q/x;q'^)n+i {q^;q^)oo 1 - xq‘^'^+^ 


[-l)nqS 


For (12.9p . multiply both sides of (12.21) by (1 + g/x)(l + x/g), differentiate twice with respect 
to X, set X = —q and use 


uj{q) = 


(g2;g2 


°° ( 1 \n„3ip+3n 

E 


_ , _ g2n+l 

72= —OO 


( 2 . 11 ) 


The latter follows from taking x = —1 in the identity (see (12.2.3) in [3]) 


E 

72=0 


{xq;q)n{q/x;q)n (q) 


(1-x) ^ (_l)^g«(3n+l)/2 

^ 1 — xg" 


□ 


To prove (11.31) . (|1.5I) and (11.61) . we also need the following. 
Theorem 2.3. For integers I and j, we have 


[-g^+J,g2^;g6^]oo(g6^;g6^)g^ 


/ q6lm+l 


' + I 


q 


,6/772+5/ 


+ 


q 


film+l+j 


m=0 

6lm+5l—j 


_ qQlm+l _ qdlm+bl ^ -|- q(ilrn+l+j 


Jilm+31—j Jilm+31+j \ 

" _ _ 2 " _U 2 " _ I 

\ _j_ qQlm+bl—j ^ _j_ q6lm+3l—j ^ _j_ q6lm+3l+j J 
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= E 

n=—oo 

oo 

+ E 


+ 




( 6 n + 2 + — 

I _l_ qein+j+2i 

I _|_ q6ln+j 

_ g3ln{n+l)+2ln+2l 


2l.„2l\2 

OO 


1. n2l\2 


{q^;q 


E 


\ _j_ q&ln+j+Zl 


( 2 . 12 ) 


Proof. First, we need to prove the following: 


\ J+j ^2Z.„6Z] ^^6Z.^6Z\2 

[—Q \oo{q ,q Joo y~^ 

m=0 




9 


9 


,6Zm+5Z 


+ 


q 


,6/m+Z+ji 


~6Zm+5Z—ji 


_ ^6Zm+/ 2 q6lm+bl ^ _|_ ^6Zm+/+j _|_ g6/m+5/—j 

^ / „6/m+Z 6/m+5/ \ ^ / i \n 3/n(n+l)+Zn+Z \ 

_ ^ _lx V ^ ^ ' 

/ \ ^ _ qQlm+l _ qQlm+dl j / 


m=0 


(n + l)(-l)^g3«n(n+l)+in+i 
^ 2 + (^6in+j+2Z ^ 


n=—OO 
oo 


I _|_ ^6Zri+j+2/ 
_ -^'jnq3ln{n+l)—ln 


) 


I _|_ q&ln+j 


(2.13) 


and 

[-g^+^g^^;g^^]oo(g^';g' 
[-g^g^ -g2«+i;g6Z]^ 


6Z. ^6/'^2 / ^6/m+3Z—j 


E I 


m=0 




6/m+3/+j \ 


s(i 

Vm=0 
oo 

E 


_j_ q6lm+3l—j _j_ q6lm+3l+j 

' q 




6/m+Z qQlm-\-5l \ 


_ qQlm-\-l _g6/m+5/ 

q3ln{n+l)+ln+l 




^_j^^n^3/n(n+l)H-Z'nH-Z 


^ _j_ g6/n+j+2Z 


E 


n=—oo 

„2/. „Gl 


_j_ g6/n+j+2i 
_ ■^'jnq3ln(n+l)—ln 

I _j_ qGln+j 


n=—oo 

°° ^_j^^n^3(n(n+l)+2in+3Z 


[g3«,g',g-«;g6n 


E 


2 _j_ g6Zn+j+3; 


(2.14) 


As the proofs of (|2.13l) and (I2.14p are similar, we only give details for (I2.14F Replacing 
q,ai,a 2 ,bi,b 2 and 63 by q^\—q^^^\—q^~^\—bq^~^^\—q^~^‘^^ and —g-^, respectively, in (|l.ll) with 
r = 2, s = 3 and after rearranging, we obtain 


[-g3^+J, -gJ+^,g2^,bg3^;g6^]^(g6^;g6^)g^ _ b[l/b,q / b, q'^^ ] q% 

[_gi+2Z^ _qj^q3i^ ql^-Jjqj+3l. 


[g3Z,g',g 76 ; g 6 '] 


E 


^_ ^'jn+l q3ln{n+l)+2ln+3l 

I _|_ l,q6ln+j+3l 


+ 


[g*, 6g3^; g®d 


loo 


[g3^, 6g^; g6* 

(-l/ 6 )"g 


E 


2 ^Jj'^nq3ln(n+l)+ln+l 


+ E 


n =—00 
_ 1 /v\n 3ln{n+l)—ln 


I _|_ q6ln+j+2l 


I _|_ qGln+j 


(2.15) 
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Applying the operator 


db 


b=l 


on both sides of (I2.15P and simplifying, we obtain (12.141) . If we 


multiply four times (12.141) . then subtract from twice (12.131) . we find 




6l.„6l\2 °° 

■E 

m=0 


-4 


q 


6lm+l 


q 


6/m+5/ 


+ 


q 


6/m+Z+j 


q 


Qlm+6l—j 


^ _g6/m+Z ^ _g6/m+5/ ^ _|_ ^6Zm+/+j ^ _|_ ^6Zm+5Z—j 


q' 




™6Zm+3Z+j \ 


E 


\ _|_ q6lm+3l—j _j_ q6lm+3l+j 

(6ri + 2)(-l)"g3In(n+l)+in+i 


0 } 


I _|_ qGln+j+2l 


+ E 


— q3ln{n+l)-ln 


I _|_ qGln+j 


+ 


2l.„2l\2 °° 

oo \ ^ 




Joo ^=_oo 


^ g3ln{n-\-l)-\-2ln-\-2l 
_j_ g6/n+j+3Z 


(2.16) 


Replacing q, ai, 6 i, 62 hy q^\ —q^~^^, —q^, in (jl.ip with r = 1, s = 2, we obtain 


( «2Z. 6U („6l.^6l\2 °° / -i\n 3ln{n+l)+ln+l °° / -I'ln 3in(n+l)—Zn 

[~g ^q ig joow ,g loo _ g _I g 

~ n^oo l + g®'"+J'+2^ l + g6Zn+i 

Finally, (I2.16p plus j times p2.17p yields p2.12p . 

To prove (11.41) , we need the following result whose proof is analogous to that of Theorem 12.31 
and thus is omitted. 

Theorem 2.4. ITe have 


(2.17) 

□ 


[g2Z+j,g4Z.g6Z]^(g6Z.g6Z)^ 


>-EHi 


m=0 


q 


6/m+2/ 


q 


,6Zm+4Z 


q' 


6/m+2Z+j 


_j_ g6Zm+2Z _|_ ^6Zm+4Z ^ _^6Zm+2Z+j 


+ 


q 


6Zm+4Z—j 


^ g6Zm+4Z—J 


-4 


.j6Zm+4Z+j 


^6lm-\-2l—j 


_ g6Zm+4Z+j 2 ^6Zm+2Z—j 


00 

E 

n=—oo 


+ E 


_j_ 4 _|_ j'jq3ln(n+l)+2ln+2l 
I _|_ g6/n+j+4Z 

( 6 n + j)q3ln{n+l)-2ln 

I _|_ qGln+j 


2^q2l.q2l'^2 ^_2^^g3Zn(n+l)+2Zn+2Z 


1 _ gi6Zn+j+4Z 

\ ± ! ± /oxj i 


3. Proofs of Theorems 11.11 and 11.21 

Proof of Theorem M . 1[ We begin with the proof of (II.2h . First, note that 
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°° 2n 

qM 


E (1 _ gn)2 +4E (1 _ g2n)2 = E E E 


2mn 


and 


n=l m=l 

^ qn(3n-\-l)/2 qn{3n+l)/2 qn{3n—l)/2^2n 


E 


E 


+ E' 


^ (1 - g ^)2 ^ (1 - g ”)2 ^ (1 - 

n=—oo ^ ' n=l ^ ' n=l ^ ' 

n-=^3 


OO CXD 

n(3n+l)/2 


E?” 

n=\ 

OO 

^(2m- l)^g 


OO OO 

n(3'n.+l)/2 


^ ^ ^ ^n(3n+l)/2 ^ _ 1)^*^ 


m=l 

OO 


n=l 


m=2 


n(3n+2m—1)/2 


m=l 


n=l 


E 

n=—oo 

n/0 


(6n - l)g«(3n+l)/2 ^ ^ (6n - l)g«(3^+l)/2 “ (6^ + i)^n(3n+l)/2 

~ 2-^ 1 — n”’ 


1 -g" 


n=l 


l-q 

OO OO 

12 ^ ^ g™'" 

n=l 

OO OO 


n=l 


1 -g" 


m=0 
n(3n+2m—1)/2 


n=l m=l 


Therefore, (|2.8p is equivalent to 


(9) 


{-q) 


f{q) = 1-4 EE nq^ri _ EE nq2mn ^ 4 EE (6n + 2 m- l)g”(3n-i+2m)/2_ 

(3.1) 


rx=l m=l 


n=l m=l 


n=l m=l 


By applying (see O page 114, Entry 8 (ix)]) 


^ (6n + i)(;^(3«+i)/2 = 

n=—oo ^ ^)oo 

and extracting the coefficient of g” on both sides of (13.1|) . we obtain 


(3.2) 


(6m + 1) c 

mGX 

3m^-\-m<2n 



-4cj(n) - 16o- Q) 


+ 4 y ^ (3o + 6). (3.3) 


a,bGZ+ 

ab=2n 

b>3a 


a^b (mod 2) 


We now examine the right-hand side of (11.211 . Observe that both a and b have the same sign, 
and when a = 3b, N is not an integer. Hence, by splitting the sum according to the values of a 
and b in the range 1 < 6 < 3a, 1 < 3a < b, 3a < b < —1, and b <3a < —1, we find that 
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E 


d 



ab=2n 
6|3a+6—1 


s 5 - 

- E 

“ “ E 5 + 

E 

a,feGZ+ 

a,b£Z+ 

a,6GZ 

a,6GZ 

ab=2n 

ab=2n 

ab=2n 

ab=2n 

l<b<3a 

6>3a 

3a<6<-l 

6<3a< —1 

6|3a+6-l 

6|3a+6-l 

6|3a+6-l 

6|3a+6—1 

E 

6 

3 

E 

a 

a,beZ+ 


a,b£Z+ 


ab=2n 


ab=2n 


l<6<3a 


6>3a 


6|3a+6—1 or 6|3a+6+l 

6|3aH-6—1 or 6|3a+6+l 

5 E 

6 - 

E 


a,6GZ+ 


a,beZ+ 


ab=2n 


ab=2n 


l<b<3a 


6>3a 


b^a (mod 2) 

b^c 

i (mod 2) 



where in the third equality, we note that 


(3.4) 


E 0= 

M 

II 

E “= 

E = 

E 

= E 

a,6GZ+ 

a,6eZ+ 

a,b£Z+ 

a,b£Z+ 

a,b€Z+ 

a,6GZ+ 

ab=2n 

ab=2n 

3ab=2n 

3ha=2n 

ab=2n 

ab=2n 

l<6<3a 

l<b<3a 

l<3b<3a 

l<3a<3b 

b>3a 

6>3a 

6|6-|-3q,-1-3 

3\b 

a^b (mod 2) 

a^b (mod 2) 

b^a (mod 2) 

3\b 

a^b (mod 2) 

6|6+3a+3 


Thus, by (13.3p and (13.4p . it suffices to show that 


E 


a,b£Z+ 

ab=2n 

b>3a 

a^b (mod 2) 

By elementary manipulations, we see that 

'n' 

2 - 


b = 3a{n) - 4o- ( - j - 


n 


E 


a,6eZ+ 
ab=2n 
l<b<3a 
a^b (mod 2) 


3a{n) -4a f-j = ^ 36 


E 


26 


a,6eZ+ 

ab=n 


a,b 
ab=2n 

a=b=0 (mod 2) 


E 


+ 


E 


2b 


a,b£Z-^ 

ab=n 

6=1 (mod 2) 


ab=n 

a=l (mod 2) 


E 


6 + 


a,beZ+ 

ab=2n 

a=0 (mod 2), 6=1 (mod 2) 


E 


a,6eZ+ 

ab=2n 

a=l (mod 2), 6=0 (mod 2) 


= E ^ 

a,beZ+ 

ab=2n 

a^b (mod 2) 


and thus (|3.5I) is true. This proves (11.21) . 


(3.5) 
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Splitting the sum on the right-hand side of (II..Sj) in a way similar to (j3.4|) . we find that 


-6 ^ dlN,JV,y 


a,bGZ 

ab=4n-hl 

12|3a-fe-2 


6’ 3 


E 


b- 


E 


3a 


(3.6) 


a,b€Z+ a,beZ+ 

ab=4n-hl a6=4n+l 

l<6<3a-2 6>3a+2 

12|3a—fo—2 or 12|3a—6+2 12|3a—6—2 or 12|3a—6+2 


=: 5'i(n) - 3S'2(n). 

The generating function for 5'i(n) is given by 


oo 3a—2 


oo 3a—2 


^Si(n)+ = ^ ^ ^ 5+6 


-l)/4 


(3.7) 


n=0 


a=l b=l 

12|3a-6-2 
4|a&—1 


a=l 6=1 

12|3a-6+2 
4|a6—1 


Note to have 12|3a — b — 2 and 4|a6 — 1, we must have a odd and b = 1 (mod 6). Hence we 
replace a = 2k + 1 and 6 = 6/ -|- 1 in the first sum on the right-hand side of ()3.7p . Similarly, we 
replace a = 2k + 1 and 6 = 6Z -|- 5 in the second sum. This leads us to 


OO k 


OO k 


^ S'i(n)+ = + l)g3fcH(fc+3Z)/2 ^ ^ ^■^^3kl+{5k+3l)/2+l 


n=0 


k=0 1=0 
2\k-l 

oo oo 


k=0 1=0 
2lk-l 

oo oo 


^ '^(61 + l)g3'=^+(^+30/2 ^ ^ (0^ ^■^^3kl+(5k+3l)/2+l 


1=0 k=l 
2\k-l 


1=0 k=l 
2\k-l 


y~](6/ -h 1)^^^"^+^' ^ g,fc(6Hl)/2 ^(6Z ^ qk{0l+5)/2 

1=0 

^3/2+4«+1 


1=0 


k=0 

2\k 


k=0 

2\k 


„3P+2l . 

1 _ ^6/+l + 


_ — ( 76^+1 

1=0 ^ 1=0 


I _ qOi+5 


E 

/ = —OO 


(6/ + l)g3«"+2« 

1 - g6Hi ’ 


(3.8) 


where in the last equality, we replaced ^ by — 1 in the second sum. Similarly, the generating 
function for S 2 {n) is 


ES'^W" E 


(2n - l)53n»+2n-2 


n=0 


1-q' 


On—3 


From ()2.10l) . applying (see O page 115, Entry 8 (x)]) 


OO 

(3n + l)g”(3n+2) 

n=—oo 


{-q-,q^roo' 


(3.9) 


(3.10) 
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(j3.6|) . (j3.8p and (j3.9p . we see that ()1.3p follows upon extracting the coefficient of from both 
sides of 




.2.„2'|2 

fOQ 


“ (_l)n n(3n+l) ^ (6n + ( 2 n - l)g3n2+2n-2 

E ll„2n - E 1 _ 1 - 1-1 - 3 E 1 -■ (3-11) 


1 + ^' 


q 


Now, to prove f)3.1ip . we first set / = 1 and j = —3 in Theorem 12.31 to obtain 




[-q ^,q,-'^/q',q^]c 


■i+3E(x 

m- 

q' 


22. / q6m+i 


q 


6(m+l) —1 


_6m—2 


+ 


_ _ gdm+l ^ _ „6(m+l)—1 \ _|_ q&m—2 

m=0 \ ^ ^ 

,6(m+l)+2 \ '] 


I _j_ g6(m+l)+2 


(6n- l)(-l)”g3n2+4n+l ^ (6n-3)(-l)^g3n2+2n 

2^ 1 _L „6n-l 


+ 


1 + g6n-l 


n=—oo 

^ ^_j^^n^3n(nH-l)+2nH-3 


1 + 


[g3,g, l/g;g6]^ 


E 


1 + g6n 


(3.12) 


Replacing q,a,b and c by q°,q°,q° and —Xjcf^ respectively, in [8l Corollary 3.2], we obtain 


-1 + 3E T 


22. ( qGm+i 


q 


6(m+l)-l 


.,6m—2 


+ 


q 


6(m+l)+2 


m=0 


_ q6m+l _ qG(m+l)-l I _j_ qGm-2 _|_ g6(m+l)+2 




[q,q,-'^/q^,-q^]q^] 

which together with (13.121) gives 


^ (6n - l)(-l)"g3n2+4n+i ^ (6n - 3)(-l)’"g3n2+2n 

/ ^ \ _j_ g6n—1 / ^ 


1 + g6n-3 


, M^]q^)lo (_i)n^n(3n+5)+2 


By P Eq. (2.1)], we have 


+ 4 


(g;g2)2 


E 


1 + g6n 


(3.13) 


g^[g,g^g^-g^g3;g6]o,(g6■g6)^ _ . 

[-q]q^]oo 

Substituting (|3.14p into ()3.13p . we obtain 


{q^\q^)lc (_l)»^gn(3r^+3)+2 


{q-,q 


2\2 

<X) ,y->- 


E 


1 + g6n 


(3.14) 


^ (6n-!)(-!)’"g3n2+4n+l “ _ 3)(_l)ng3n2+2n 

/ ^ \ _j_ g6n—1 / ^ 


1 + g6n-3 
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,2.„2l2 


^ yoo 


( 9 ; 9^) 


2 
00 


“ (_l)rXgn(3n+5)+2 ^ (_i^n^n(3n+3)+2 




(g;g2)2 


E 


1 + g6n 

(-i)V 


n=—oo 

2. ^2^2 ^_i\n n(3n+l)+2 


1 + g6n 


00 r) —- 


1 + g 


2n 


where the last step follows from the fact that 




E 


and 


1 + gSn 


E 


+ q' 


6n 


^ ('_1'|n„n(3n+l) °° 

n=—oo 


E 




X + __ 

As (j3.15p is equivalent to (|3.11l) . this proves (ll.3p . 


1 + g6n 


(3.15) 


□ 


Proof of Theorem \1.2l For (jl.4p , we first split the sum on the right-hand side in a way similar 
to (I3.4p to obtain 




a,b£7j 

ab=4rx+3 

12|3a-6-4 


1 1 


E 


3a — 


E 


b. 


a,b£Z+ 

a6=4n+3 ab=4n+3 

b>3a+2 l<fe<3a-l 

12|3a-6-4 or 12|3a-6+4 12|3a-6-4 or 12|3a-6+4 


(3.16) 


By (|2.11l) . (13.21) and a calculation similar to (|3.8I) for the generating function of the right-hand 
side of (|3.16l) . we see that (|1.4I) follows extracting the coefficient of q^ from both sides of 


- (-i)-g^ 


^ ^ (2n - l)g^(3n+i)-2 ^ (6n - l)g’^(3n+i)-i 

/ ^ X -|- q(>^—^ / ^ X 


+ q' 


6n-l 


(3.17) 


To prove (I3.17p . we set j = — 1, / = 1 in Theorem 12.41 to get 
[q,q^;q^]oo{q^]q^)^oc 


[-'^/q,-q^,-q^;q^]c 


°° ^ g6m+2 gdm+A ^6m+l ^6m+5 




m=0 


_|_ q6m+2 X -|- g6m+4 X — g6Zm+l 1 — q' 


6m+5 




^ (6n + 3)g3«("+^)+2n+2 ^ _ X)g3n(n+l)-2n 

/ ^ X -|- g6n+3 ^ X 


+ g' 


6n-l 


-7 


2{q^;q 


2. „2',2 


I'_x)’^g3n(n+l)+2n+2 




E 


_g6n+3 


(3.18) 
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Replacing q,a,b and c by q^,q,q and —respectively, in [SI Corollary 3.2], we obtain 




m=0 


q 


6m+2 


q 


6m+4 


q' 


6m+l 


+ 


_j_ q6m+2 _j_ g6m+4 ^ _ gdlm+l _ q6m+5 


q6m+5 \ 


[q\-q^-q^;q^U{q^;q^)l 


[q,q,-q‘^,-q^]q% 

which together with (jd.lSp gives 

(6n + 3 )qMn+l)+ 2 n +2 


E 


l + q' 


6n+3 


E 


(6n — l)g3n(n+l)-2n 


1 + q' 


6n-l 


2iq^-,q 


2 . 

oo 


We note that (see |6l Eq. (2.1)]) 


g (_l)ng3n(n+l)+2n+2 ^ q[q\ - q\ q^ ■ q^]^{q^ ■ q^f^ 


\ — g6n+3 






2. ^2>^2 
oo 


[9, -9, -9“^; 9®]oo (-g^; 9^)^ 

Substituting (j3.20p into (I3.19p . we hnd that 


^ (_l)’^g’^(3ri+3)+l 


_ g6n+3 


E 


(6n + 3)g3n(n+l)+2n+2 


i + (i 


6n+3 


E 


(6n - l)g3n(n+l)-2n 


2{q^-,q^)l 


i-q^;q^)lo J 


E 


n=—oo 

^ _j^^ng3n(n+l)+2n+2 


I — q6n+3 


+ 


1 + g6n-l 

iq^-,q 


2. „2',2 

OO 


(q^;q 


2. ^2>;2 
oo 


n=—oo 

^ j^^n^3n(n+l)+l 


(-q^;q' 


2\2 


E 


|■_]^^r^g3n(n+l)+l 
I — g6n+3 


E 


(_^2.g2)^ I _ q2n+l 

\ ± 7 ± /tXJ ^ — J. 

where the last step follows from the fact that 


E 


q3n{n+l)+2n+l 
I — g6n+3 


E 


^_^^ng3n(n+l)+4n+2 

\ — q6n+3 


(3.19) 


(3.20) 


(3.21) 


and 


E 


(]_l)^g3n(n+l) 
1 — q2n+l 


E 


(^ — \'^nq3n(n+l) _j_ g2n+l _j_ ^4n+2^ 

\ — qGn+3 


By (I3.2ip . we find that, to prove (I3.17E it suffices to show that 


E 


(6re + 3)g3n(n+l)+2n+2 
1 + g6n+3 



(6n - 3)g3^'+^-i 
1 + g6n-3 


which is easily checked to be true by replacing n by —n in the sum on the left-hand side. This 
completes the proof of (13.171) and thus (II.4E 

Now, by taking the sum and difference of (11.51) and m, respectively, we obtain the two 
equivalent formulas 
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(m + ^jc{u;{q)-n-3m‘^-2m-l)= Y 


m€Z 

3m^+2m+l<n 


ab=n 

12\a-3b-2 

a,6EZ 
ab=n 

12|a-36-8 


(3.22) 


and 


Y^ —j c (w(—g); n — 3m^ — 2m — l) = 2i?„ 

V 3/ 


m£X 
3m^+2m+l<n 


From ()3.10p and noting that 


E 


a,b£7j 

ab=n 

12|a-36-8 or 12|a-36-2 




(3.23) 


3 E 


a,6€Z 

ab=n 

12|a-36-8 


E 


a — 


E 


36 


a,b&+ a,b£l,+ 

ab=n ab=n 

l<a<3b-l a>36+l 

12|a—36—8 or 12|a—36+8 12|a—36—8 or 12|a—36+8 


and 


3 E 


a,6€Z 

ab=n 

12|a-36-2 


E 


a — 


E 


36, 


a,bel,+ a,b£Z+ 

ab=n ab=n 

l<a<36-l a>36+l 

12|a—36—2 or 12|a—36+2 12|a—36—2 or 12|a—6+2 


we see that (j3.22p follows from 




2. „2^3 

OO , 


-q^Q^foc 


fQ„ I 9\„3n2+14n+8 ^^ 

b)= E ‘ t -3 E 


^ ^g37r^+2n 


oo 

E 

n=—oo 


_ ^12n+8 

(3n + 2)g3»^"+8n+4 

1 _ ^12n+8 


n=—oo 


1-q 


12n 


°° ^g3n^+8n 


+ 3 E T 


,12n 


n=—oo 
n^O 


(3.24) 


or equivalently 
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= -^ Y1 


°° ^q3n'^+2n 


n=—oo 

n^O 


l + g 


,6n 


°° j^q3'n?+2n 


-3 E 

n=—oo 


i + g 


, 6 n 


- E 

n=—oo 

oo 

+ E 

n=—oo 


(3n + 

1 + g6n+4 

(3n + I)g3n2+4n+l 

1 + g6n+2 ' 


(3.25) 


We now set I = l,j = 0 and replace q by —q in Theorem 12.31 to obtain 

^6m+5 


cx> 


^ [-1,-9,-9^W®]oo V 1 


m=0 


qUiiL-TL qunb-ro quiib-r^ qQ7Ti-\-5 \ 

_j_ g6m+l _j_ q6m+5 _ q6m+l _ 


(6n + 2)q3’^^+4n.+i Q^q' 

/ ^ 1 _|_ ri^n+2 ^ 


9" 

,3n^-\-2n 


1 + g6n+2 

n=—OO 

By O Corollary 3.1], we have 


+ 4 


, 6 m+l 

9* 

(9";9^)^ 


-9 


,6m+5 




n=—oo 


l + qdn {-q;q^)l 


E 


(-!)> 


,3n^+5n+2 


_ ^6n+3 


(3.26) 


E 

m=0 


„ 6 m+l ^6m+5 „ 6 m+l ^6m+5 \ 

—4-1-1-) = _4 - 

\ _|_ q&m+l 4 _|_ (^6m+5 4 _ g 6 m+l 4 _ g6m+5 J 2 -^ \ _ gl 2 j- 

' li = — ro 


which together with (13.261) gives 

(6n + 2)g3^'+'^" ^^^r?+ 2 n-\ 


1 — ol2j1-2 

j=-oo 

^ _49[9W^U9^!1^ 

[9^9®;9^^]oo 


E 

n=—oo 


1 + 9 


,6nH-2 


- E 


^2 


[9^;9^^]L(9^^9^^)^ 


n=—oo 


oo 

2 

oo 


1 + 9®” (-9;9^)L ^ [9^,9^;9®]oo(9®;9®)o 

|^_4^n^n(3n+5)+l 


+ 4(9^;9")^ “ 


„ 2')2 E 1 _ „6n+3 
1 9,9 Joo „=_oo 9 


This together with [El Eq. (5.8)1 implies 

{q^;q^)lo g (6n + 2)93"^+4- 


'(-9;92)^ 


n=—OO 


4 + g 6 n +2 


which is equivalent to (I3.25p . Thus, (I3.22p is proven. 
For ()3.23p . it suffices to prove 


E 

n=—OO 


6nq 


,3++2n—1 


1 + 9 


, 6 n 


(3m + 1) c {uj{—q)\n — 3m^ — 2m — l) 


m€Z 

3m^+2m+l<n 


= 6i?n - 


E 


a+ 

a,b£Z+ a,beZ+ 

ab=n ab=n 

l<a<36-l a>3b+l 

a-36^2,4,8,10 (mod 12) a-36=2,4,8,10 (mod 12) 


36 
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= - E »+ E 36. 

a,beZ+ a,b€Z+ 

ab=n ab=n 

l<a<3fe-l a>3fe+l 

a=b (mod 2 ) a=b (mod 2 ) 

= QRn - ^ o + ^ 36, 

ab=n ab=n 

l<a<3b a>3b 

a=b (mod 2 ) a=b (mod 2 ) 

where in the second equality, we used the fact that 

a = 3a = 36 = 36 


(3.27) 


E 


36. 


a,beZ+ 

ab=n 

l<a<3b-l 
a—3b=0 (mod 6 ) 


a,6€Z+ 

ab=n 

l<3a<3b-l 


a,6€Z+ 

ba=n 

l<3b<3a-l 
a=b (mod 2 ) 


a=b (mod 2 ) 

Next, we examine the right-hand side of (12.91) . Note that 


a,&GZ+ 

ab=n 

a>3fe+l 

3|a 

a=b (mod 2 ) 


a,bgZ+ 

ab=n 

a>3b+l 

a—36=0 (mod 6 ) 


°° q2n-l 


E 


tW-^E 


OO 2t7 

qZn 


—Z-/ _ g,2n^2 

=1 ^ ' n=l ^ ' 


E 

n=l 
OO 

n=l 


(2n - 4ng2^ 2ng4’" 

1 — g4n-2 _ q2n I _ g 


in 


where 


and 


Rn : = 


icj(n). 


3 ('^(f) “ 2 (t(|)), if n is even; 


if n is odd. 


E 


q' 


3n"^ 


E 




3n^ 


„3n^+4n 

+E ’ 


(1 — g2nl2 n _ g2nl2 Z^ n _ q2n\2 

n=—OO ^ ^ n=l ^ ^ n=l ^ 

riT^O 


3r^'+2™"(m + 1) + ^ q3nH2mn^^ _ 

E«'’”’+EE2’"«" 


EE^ 

n=l m =0 


OO OO OO 

.2 


n=l m=l 
n(3'n+2m) 


n=l 


n=l m=l 


Similarly, 


(3r — l)g 


3n2 OO 


OO OO 


n=—oo 

riy^O 




n(3n+2m) 


n=l 


n=l m=l 


Hence, identity (|2.9I) is equivalent to 

iq^-,q^)i 


OO OO 


(-9;9X 


6^9“ + E + E E (6n -|- 2m)q 


,n(3n+2m) 


Tl=l 


n=l 


n=l 777 = 1 
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oo oo 


oo oo 

^ (3n + 2m)g'‘(3n+2m) ^ EE 3^gn(3n+2m) 


n=l 

oo 


n=l m=l 
oo 


n=l m=0 
oo 


n=l 


YluRnf + Y^g" E (36 + 2m) + E'j” E 36 

6(36+2m—2)=n 

oo oo oo 

Y^QR^q- + Y.q- ^ a + Y,<f E 36 . 


^—1 

6(36+2m)=n 


(3.28) 


n=l 


n=l 


a,feGZ+ 

ab=n 

a>3b 

a=b (mod 2) 


n=l 


a,6GZ+ 
ab=n 
a>36—2 
a=b (mod 2) 


Applying ()3.10l) while extracting the coefficient of from both sides of (|3.28l) . we obtain 

E] (3m + 1) c (a;(—g); n — 3m^ — 2m — l) = 6i?n + E] ® E] 3^- 


m€Z 

3m^+2m+l<n 


Note that 


a,&GZ+ 

ab=n 

a>3b 


a,beZ+ 

ab=n 

a>3b—2 


a=b (mod 2) a=b (mod 2) 


E 6(i?n - W = E Mnl2)q^^ + E 


n=l 


n=l n=l 

^ ^ An ^ /n '|'\„2n—1 


^ 2nq ^ 
/ ^ _ ^4?! ' / ^ 


(2n — 1 )( 7 ^ 


n=l 
oo oo 


r- i-q- 


4n-2 




In—l)(2m—1) 


n=l m=l 
oo 


n=l m=l 
oo 


E?" E Sa + E"" E (2“-l) 


^=1 a,6GZ+ 
4a6=n 


E-i" E 


n=l 


a, 6 GZ+ 

(2a-l)(26-l)=n 


n=l 


a,6eZ+ 

ab=n 

a=b (mod 2) 


Thns, (I3.27P follows upon observing that 


E 


a — 


E/ ® X!/ 3^ = E/ ® X!/ 3^- 


a,6GZ+ 

ab=n 

a=b (mod 2) 


a,6GZ+ 

ab=n 

l<a<3b 


a,b£Z'^ 

ab=n 

a>3b 


a,b^Z^ 

ab=n 

a>3b 


a,b£Z'^ 

ab=n 

a>3b—2 


a=b (mod 2) a=b (mod 2) a=b (mod 2) a=b (mod 2) 

This proves (I3.23P . Adding (|3.22l) and (I3.23P , then dividing by two yields (ll.5p while subtracting 
(I3.23P from (13.221) . then dividing by two implies (11.61) . 
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□ 


4. Other applications of fll.ip 

It is worth noting that (ll.ip can also be used to obtain other identities involving mock theta 
functions. For example, in [4], Andrews, Rhoades and Zwegers consider the automorphic prop¬ 
erties of the g-series 


Mq) ■= 


(<?) 


E 

n=—oc 

V 


n(n+l) 


(—l)"'+^n(7 2 

l-q^‘ 


\ 




^ (1 + ( 7-)2 




which, is related to the generating function for the number of concave compositions of n [2]. In 
particular, to show that V 2 {q) is a mock theta function, they require the following key identity 
(see Theorem 1.3 in 0) 


F{q) : = 


oo ^("+1) 


{q)U-q)lo + 


= -2v2{q). 


We now prove a generalization of (14.11) . 


(4.1) 


Theorem 4.1. We have 

[V^]oo l-bq’^ ^ V (1 - bq^f ^ (1 - ^ 1 - g” 

njtO 

(4.2) 


Proof of Theorem EH Setting r = 1, s = 2 and replacing ai by bbi in (II.ip . after rearranging, 
we obtain 


L,^i/^']oo(g) 


2 

oo 




E 

k=—oo 


, k(k+l) 

{—bfq 2 
1 — bq^ 


[b]c 


b[b 


1 loo 


E 


{-bi)^~^^q~ 
1 — biq^ 


fc(fc + l) 


(4.3) 


Multiplying by (1 — 6i)^ and applying the operator 


d^bi 


bl=l 


k=—oo 

, we obtain 


(g6,g/6)oo [l/bU ^ ( 2g" q^b q^/b \ 

(l-fe)(9)L {q?o. {l-bq^r {l-q^/b?) 

^ {-b)’^q^ [bU ^ [ (-l)ngn(n+l)/2(i^gn) (_i)n^gn(n+l)/2 | 

1 _ bq^ 6(g)^ y (1 - g”)2 1 - J ' 

n^O 

Letting a, c, d, e —>■ 1 and 6 —)■ g in a limiting case of Watson’s sf’? transformation, m Eq. (7.2), 

p. 16] 
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^ (ag/ 6 c, d,e;q)n{^T 
^ i<l,aq/b,aq/c-,q)n 

we find that 


{aq/d, ag/e;g)oo ^ (a, b, c, d, e; q)n{l - 

{aq,aq/de-q)oo ^ {q,aq/b,aq/c,aq/d,aq/e-q)n{l - a){bcde)^ ’ 


E 


(1 - « 


72^2 


E 

n=l 




(1 - 


Substituting (14.51) into (14.41) and rearranging, we obtain 


(4.5) 


-1 


E 


q'^b ^ q^/b 


(q) 


2 

(X) 




5(1 -6)2 Z^\^(l_5gn)2 ' ^ 1 - 6g^ 

?T/—J- rC — — OO 


E 

n=—oo 

nf^O 


1 - 


which implies (14.2p . 


Multiplying by ^ . 1 3 ^ on both sides of (14.2|) and setting 6 = —1, we obtain dm. Using 

[QfQJoo 

Theorem m one can also show 


□ 


°° / „4n+l „4n+3 


E 

n=—oo 

n/0 


(_l)>^^g2n(n+l) 
1 - 


(4.6) 


where 


B(g) := Y1 


q^{-q-,q^) 


is a 2 nd order mock theta function (see CD)- To see this, replace q and 6 by q^ and q, respectively 
in (j4.2jl to obtain 


(-l)^g^(2n+3) 

/ ^ _ ,74n+l / ^ 


°° ^ ^4n+l 




[l/g; 

By ([ISl (3.2a), (3.2b), Eq. (5.2)]), we have 

B(q) = ‘ 


^ ^4n+3 ^ ^ ('_l)n^^2n(n+l) 


n=—oo 

n/0 


1 - 


{q,q^,q^-,q^) 


^ ( —l)^g^(2»^+3) 


_ , _ o4n+l 

OO ^ H 

n=—oo 


and thus (14.61) follows. 

Extracting the coefficient of q"^ on both sides of (|4.6j) . we obtain the following corollary. 
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Corollary 4.2. For a fixed positive integer n, we have 

(—l)™(2m + l)c(i?, n — 2m^ — 2m — 1) = d 

mez+ 0<(i|n 

2m?+m+l<n odd 


E (-!)““■ 

a,b£Z+ 

l<a<b 

2ab=n 

a^h (mod 2) 


Similar results exist, for example, for the mock theta functions fiiq), p{q) and \{q) of order 
6 and Vo((?) of order 8 as they can be written in terms of Appell-Lerch series (see Section 5 of 

m)- 
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